Abstract. An approximate spline is constructed for the solution of Cauchy's problem regarding a second-order differential equation. The existence, uniqueness and convergence of the approximate spline solution are investigated.
Introduction.
Let (®m, Ck) be the class of spline functions with respect to the set of knots {*,). This class consists of piecewise-polynomial functions of degree m, smoothly connected in the knots, up to the derivatives of order k (k < m).
We shall use spline functions of class (@", Cm~l) in approximating the solution of the Cauchy problem for /' = j(x, y).
F. R. Loscalzo and T. D. Talbot ( [3] , [4] ) made use of spline functions in approximating solution of the Cauchy problem for / = f(x, y). In [6] , Manabu Sakai approximated the solutions of two-point boundary value problems for the secondorder equations by spline functions. Recently [5] , the author studied the approximation of solutions of systems of differential equations by spline functions.
For our purpose, we shall need consistency relations which hold for any spline functions of(©", C" ') with equidistant knots xk = kh(k = 1, • • ■ , n -1). We have Theorem 1. For any spline function % E (©" More details on this theorem may be found in [6] , [3] , [4], [8] .
2. Construction of Approximate Spline Solution. Consider
where /: [0, B] X R -* R is a sufficiently smooth function. We attach to Eq. (6) the Cauchy conditions
Suppose the function / satisfies a Lipschitz condition with constant A:
Under these conditions there exists a unique solution y of (6)-(7). Let [0, b] be its domain.
Following the idea of [3] , we construct a polynomial spline function of degree m (m ^ 3) to approximate the exact solution y of (6) Continuing in this way, we obtain a spline function satisfying Ak(x) is known by continuity conditions. Let us prove that ak may be uniquely determined from (11) â"((A + 1)A) = f((k + 1)A, m + l)h).
Replacing 6 in (11), we get the equation
for the unknown ak. Define Gk : R -► R by ak -> gk(ak), ak G R. We show that under the conditions of the theorem, operator Gk is a contraction thus having a unique fixed point.
Let a\ , a\ G R, and their distance p(a\, a2k) = \a\ -a2k\. According to the Lipschitz condition (8) , it follows that
If h2A/m(m -1) < 1, Gk is a contraction operator and Eq. (12) has a unique solution. This completes the proof. Theorem 3 tells us that the approximate spline solution of degree m yields the same values as the discrete method of (m -l)-steps on xk.
In the sequel, we shall be concerned with estimating the error of approximation of the solution of problems (6) anfl'/wrrAe/'more
In what follows we study the approximation of a solution by spline functions of degree m = 3 (cubic) and m = 4. For brevity we denote xt = AA, -y» = y(xk), y'k = y'(xk), y'k' = y"(xk) (k = 0, • • • , n), and analogously for %(xk), %'(xk), %"(xk). Solving a system similar to (26) for $(x), we obtain Because \xk -x\ < A, we obtain
Hence, it follows that condition (17) of Lemma 2 is satisfied for m = 3. Since the function 8'" is constant on (xk, xk+l), we may write y(xk+,) = y(xk) + hy'(xk) + \h2y"(xk) + ¿A3-/"«), xk < ? < xk+, , «(*t+1) = «(**) + A«'(*è) + èA28"fe) + èA3«'"«).
Substracting we obtain
Relations (27), (25) imply that Applying Lemma 2 three times successively, first for 8, and then for a' and 8", the first three inequalities of the theorem follow. The last inequality follows from (20), and thus the theorem is proved. where P4 is the unique polynomial of degree four interpolating the data yk, yk+1, y", y"', y'k'A taken from y. Now let xt < x < xk+i. We have 8<4,(x) = 24f'k. By Lemma 6, Since \xk -x| < A, it follows that The method of approximating the solution of problems (6)-(7), by a spline function, given here for m = 3, 4, has the advantage over the discrete method that it gives a global approximation of the solution, is convergent and also permits the study of the behaviour of the derivatives of the approximate solution. Thus, the multistep method and, hence, the corresponding spline solution are divergent.
